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ABSTRACT: One-loop amplitudes are to a large extent determined by their unitarity cuts

in four dimensions. We show that the remaining rational terms can be obtained from

the ultraviolet behaviour of the amplitude, and determine universal form factors for these

rational parts by applying reduction techniques to the Feynman diagrammatic represen-

tation of the amplitude. The method is valid for massless and massive internal particles.

We illustrate this method by evaluating the rational terms of the one-loop amplitudes for
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. Rational parts of IR divergent integrals

1. Introduction

The upcoming LHC experiment provides a strong phenomenological motivation [fl] to de-
velop formalisms which allow the successful evaluation of partonic multi-leg processes at
one loop. Recently, many different methods have been proposed to deal with this highly
complex task. Apart from algebraic reduction algorithms, which for multi-leg processes
lead to a proliferation of terms and motivate numerical [J—ff] or semi-numerical [§—[L§]
treatments at some stage, twistor-space inspired methods [[[7—P4] have stimulated a great
deal of activity to complete the task — initiated already more than ten years ago [R§—R7] — to
evaluate one-loop amplitudes elegantly from their unitarity cuts [2§—B(]. These algorithms
are fully successful for supersymmetric amplitudes or special classes of helicity amplitudes,
where the UV behaviour is tamed, but for general Standard Model amplitudes, it is dif-
ficult to obtain information on the so-called rational polynomials, which are induced by
the ultraviolet behaviour of Feynman integrals. This was analysed in great detail by Bern,
Dixon, Dunbar and Kosower in [R6], where criteria for 4-dimensional cut constructibility
of one-loop amplitudes were derived. We will refer to these criteria, called “uniqueness
result” in [26], as the “BDDK-theorem” in the following. The application of unitarity cuts



to calculate the cut-constructible part of non-supersymmetric amplitudes has seen a lot
of progress recently, and lead already to some remarkable results, as for example the cut
constructible part of the six gluon amplitude [P4]. This amplitude, including the rational
parts, also has been evaluated numerically at a certain phase space point [B1].

Very recently, progress also has been made to determine the remaining rational ambigu-
ities within the unitarity-based method, using the so-called “bootstrap approach” [B7-[0].
These ideas have lead to the successful determination of previously unknown multi-leg
QCD amplitudes [[]-[g].

An alternative approach to the evaluation of the polynomial terms of helicity ampli-
tudes in QCD is worked out in detail in [B3—B4], where the missing rational parts of the so
far unknown six gluon helicity amplitudes have been given. The authors have used reduc-
tion formulae in Feynman parameter space, based on the work of [B5, Bf]. Their formalism
is designed for gluon amplitudes and massless internal propagators.

In this article, we show that the rational polynomials can be obtained in a general
way, for massive as well as massless amplitudes and arbitrary external particles, in isola-
tion from the cut-constructible parts, using Feynman diagrammatic reduction techniques.
Our method is based on the tensor reduction formalism presented in [[[J], where explicit
representations for tensor form factors have been derived. Projecting on the ultraviolet
sensitive part of these form factors, we obtain the rational parts. The projection leads to
a considerable simplification of the reduction cascade, which yields relatively compact ex-
pressions. This defines a method which allows for the automated evaluation of the rational
polynomials of arbitrary one-loop amplitudes.!

In this sense, the two approaches — construction of an amplitude by unitarity cuts and
using Feynman diagrams together with tensor reduction — can be considered as comple-
mentary: for the polynomial part, the Feynman diagrammatic approach seems to be more
straightforward, while for the remaining parts of the amplitude the unitarity-based method
often leads to faster and more compact results. Such a combination of techniques already
has been employed in [ to obtain the one-loop amplitude for a Higgs boson plus four
negative helicity gluons. Of course, for such a combined formalism to be universally appli-
cable, the generalisation of the unitarity based methods to massive internal propagators is
required.

The paper is organised as follows: First we give a definition of rational or non-cut-
constructible terms of general one-loop amplitudes in section 2. As an illustration, we
calculate the polynomial terms of some 3, 4, 5- and 6-point amplitudes in section 3. Section
4 contains our conclusions. In the appendix we provide formulae which are useful for the
extraction of rational polynomials of IR divergent amplitudes.

2. Rational terms of one-loop amplitudes

In this section we propose a definition of the rational part of a one-loop amplitude. To
disentangle rational polynomials of infrared and ultraviolet origin, it is convenient to define

"Work on a similar subject has also appeared very recently in [@]



the rational part with respect to the corresponding IR regulated amplitude. As an IR reg-
ulator, we use off-shell momenta for the external legs of our tensor integrals or masses for
internal fermion lines. In this way it is guaranteed that all poles in € will be of ultraviolet
nature and only terms which are related to ultraviolet divergences lead to rational poly-
nomials in an amplitude. It turns out that in the resulting expressions, the limits to the
original kinematics are well defined. Amplitudes which contain dimensionally regulated
infrared divergences could be used directly as a starting point as well, however in this case
the two- and three-point functions have to be treated in a different way, as will be discussed
in the appendix.

2.1 Definition of rational parts of amplitudes

Each N-point amplitude I' can be written as a linear combination of tensor Feynman
integrals in n = 4 — 2¢ dimensions. Schematically this can be denoted as

L' = Chuypin (0 {sigmu}) T2 ({sig,muc}) - (2.1)

For our purposes, I' can be regarded as a complex valued function of the dimension n and
the kinematical invariants s;;,mj. The tensor integrals are defined in momentum space

as,’

d"k koL KRR
im/2 (¢ —m2 +1i6)...(¢% —m3 +1id)’

By fsigome) = [ 22)

where ¢; = k +r; are the propagator momenta and r; = p; + - - - + p; are sums of external
momenta. In [@] we have presented all the relevant formulae to perform a complete tensor
reduction of a general N-point tensor integral of rank R < N. For N > 6 the reduction
is purely algebraic, in the sense that these rank R N-point functions decay into a linear
combination of (N — 1)-point functions of rank R-1. For N <5 all tensor form factors are
evaluated in terms of an adequate basis. We do not repeat these formulae here, but give
the essential definitions to keep the paper self-contained. Introducing Feynman parameters
leads immediately to the following representation of the tensor integrals [Aq-[g]

B2 \m N
B = (0" 30 (<3) 3 [
m=0 J1gr—2m=1
XTIy Greom s {Sijy mu}) - (2.3)
The objects "™ (ji...,jr—2m ; {sij, mx}) are scalar integrals in D = n + 2m (m =

0,1,2,...) dimensions with Feynman parameters in the numerator:

IR G-y iR {sijymu}) =

D/2—N
D N N N
(—1)NI‘(N — 5)/Hdz, 5(1 — Zzl) Zjy - Zig | — Z Sklzkzl/Q
i=1 =1 k=1
Spi = (ri—r1)* —mi —mj, . (2.4)
2To make contact to eq.(2.1) of [@] we note that we have set rq;, = ... = 745 = 0 here for ease of

notation.



This leads to

T = Cn, {gi}h {5, me DI (G} {sijr mac}) (2.5)

where the sum runs over all different integrals making up the amplitude.

Note that the coefficients C'(n, ... ) depend on the way the numerators of the Feynman
diagrams are evaluated, i.e. on the renormalisation scheme which defines the dimension
of the Clifford algebra and the dimensionality of the internal and external particles (for
a more detailed discussion see [[{J—F1]|). If chiral fermions are present or if one wants to
define helicity amplitudes for partonic processes, the presence of 5 makes it necessary
to distinguish 4-dimensional from (n — 4)-dimensional contributions of the Dirac algebra
and n-dimensional vectors. We note that due to the dimension splitting [@] of the loop
momentum k = k + k, where k is 4-dimensional and k is (n — 4)-dimensional, a few
integrals with k%-terms in the numerator have to be known, which can be mapped to
higher dimensional integrals [27, [L1]

n+2a
IN

ko (kb pell@—en—1
/mnﬂ (k2 — M2)N (=1 I(1—¢) 2

/ d"k (k- k)*kFE” (1)t Na—¢) ,n—4n+2a
/2 (k2 — M2)N Tl-o7 14 =«

It (2.6)

Therefore, these integrals contribute to the sum in eq. (R.3).

The rational part of an amplitude in general stems from two different sources: Firstly
from a linear combination of d = 4 terms with the finite rational terms of Feynman param-
eter integrals, secondly from (n — 4)-dimensional remnants of the Dirac algebra and the
treatment of internal particles, which combine with UV pole parts of Feynman parameter
integrals. Thus we define the rational part R of an amplitude I' as?

RITT = O, i} {sig, miH R (Lin}s {sig mu ) (2.7)
+(n—4) > C'(@4, ik {sig, ma}) PN (G} {1, ma}))

with
O, (i} (sigymh) = -l (i, (s i)

In eq. (R.7), P is the projector onto the pole part of the argument, i.e. the 1/e-term in the

n=4 '

e-expansion. The action of R on Feynman parameter integrals is outlined in more detail
below. It is the coefficient C” which governs the renormalisation scheme dependence.

In [[ we have given explicitly all the necessary formulae to reduce the scalar integrals
with nontrivial numerators to n-dimensional one-, two- and three-point functions, (n+2)-
dimensional three-and four-point functions and (n+4)-dimensional four-point functions.

3We assume that T is either a genuinely UV finite or an UV renormalised amplitude. Note that coun-
terterms can be expressed in terms of one- and two-point functions.



Schematically

P aY) =Y BIp + Y Bo({ii}) I3 (i1, g2) (2.8)
+ > Baa{d}) 13 (Ujrldn, dolin, g2 ) + D Bas({i}) T2 (1151)
+> Baa{ii}) I (s liv, d2lin, g2 33) + Y Ba() I3 (115)

where the arguments (1|71]J1, j2|j1, j2, j3) denote integrals with up to three Feynman pa-
rameters in the numerator, and I} (1) are the genuine N-point scalar integrals, which will
be denoted simply by Iy in the following. These integrals we call the “GOLEM integral
representation”.* It is defined by the property that inverse Gram determinants can be
completely avoided by using such a representation. The coefficients [ ({j;}) are poly-
nomial in the kinematical variables {sij,m%}, they do not depend on the dimensionality
n.

The GOLEM integral representation is a preferable starting point for a numerical eval-
uation of one-loop amplitudes. In algebraic approaches it is useful to reduce the GOLEM
integrals further to a smaller integral basis which allows for an easy isolation of IR/UV
divergencies. A convenient choice is to express each GOLEM integral by a linear combination
of the scalar integrals I, I3, I3, IZ“. All necessary formulae can be found in [[J. It is
only in this further reduction step that an n-dependence enters into the coefficients:

o Gy = am) I+ ) I3+ esn) 1§+ es(n) [[H2 . (2.9)

The summation is understood over the different kinematically allowed 1,2,3- and 4-point
functions, which are defined by all possible propagator pinches of the corresponding N-
point function on the left-hand side.

To completely define the operator R introduced above, we need to determine its action
on a linear combination of 1,2,3 and 4-point functions of the form given above. Using again
the rule

Rle(n)In] = c(4) RIN] + (n —4) ' (4)P[In] , (2.10)

one sees that the rational part of an arbitrary integral of type IJT\L[H’”({ Ji}) is defined by
the rational and the pole part of scalar integrals with trivial numerators. As UV poles can
only occur for D/2 +m > N, all D=4 three-point and D=6 four-point functions are UV
finite, i.e. their pole parts are zero:

PlIS)=0 , PI3]=0 . (2.11)

Further, the BDDK [26] theorem tells us that all polynomial terms of such integrals, e.g.
terms ~ 72/6, are fully reconstructible by considering 4-dimensional cuts. This suggests

to define the rational parts of these integrals to be zero:

R[] =0 , R} =0 . (2.12)

4GOLEM stands for “General One-Loop Evaluator of Matrix elements” [E]



A detailed description of how these functions are uniquely reconstructible from the asymp-
totic logarithmic behaviour of an expression can be found in [R5, R§].
We define the pole- and rational parts of two-point functions for s # 0 by considering

the following massive representation

1
ra
IN(s,m2,m3) = Ld+e) /dxlog —sz(1—z) +am?+ (1 —z)m3)
0

Py :% LRI =0. (2.13)

Note that in the case m; = 0, another natural definition could be R[I}] = 2, but these
rational terms are directly related to the cut-constructible logarithmic terms.

In the case s = 0 the two-point function degenerates to combinations of one-point
functions. The different cases are related to one-point functions in the following way:

150.m3.m3) = —5— (I (m?) — I (m3))

my m2

n 2 n
13(0,0,m?) = — 212 (0,m? m?)
= I"(m?). 2.14
m2 1 (m?) (2.14)
As up to Ofe)
It(m?) = g™ m log(m?) ,

we define the the pole and rational part of the one-point function to match the non-
logarithmic term, i.e.

2
P (m?)] = “= . R[}(m?)] =m? . (2.15)
Note that the rational parts of I3(0,0,m?) and I5(0, m?, m?) turn out to be different using
this definition, on the other hand they still respect relation ()
After having defined the pole and rational parts of the scalar integrals IEH, I3, I3 and
IT, the rational part of an amplitude, Eq. (@), is fully determined. For a renormalised,
IR-finite amplitude, we are now in the position to define the cut-constructible part of the
amplitude T" indirectly by

Cll=(01-R)[I]. (2.16)
In the general case one may use the definition

C[F] = l%gl (1 - R) [FIR regulated] . (217)



By an “IR regulated” version of the amplitude we mean here a representation where in-
ternal propagator masses or virtualities of external particles which are zero in the original
amplitude are treated as non-zero, i.e. m; # 0 or s; = p; - p; # 0, in tensor form factors.
This renders the amplitude IR finite in the limit n» — 4 and the extraction of pole and
rational parts is as in the IR finite case, if we demand limig I'tR regulated = I'; where limg
denotes the limits m; — 0 and/or s; — 0. In doing so it is of course crucial to avoid
the expansion in (n — 4), which does not commute with the limits m; — 0,s; — 0. The
IR-limits m? — 0 or s; — 0 do not commute in general with the extraction of pole and
rational terms. An example will be discussed below in subsection B.3. In the appendix we
provide explicit expressions for pole and rational parts of IR divergent tensor form factors,
which can be used to define rational terms differently, without using this IR regularisation
procedure.

We have checked that in the case of massless internal particles our definition of cut-
constructibility leads to identical form factor expressions as the ones presented in [BZ]
which were used to confirm known results for five- and six-gluon amplitudes derived with
the methods of [Pf]. We stress that it is not necessary to have an off-shell representation
of the full amplitude; the IR-regulated representations of the needed tensor form factors
are sufficient to define the rational and pole parts we are looking for.

For later use, we also define the following operator:

Ul = (P +R)[1] . (2.18)

Note that the unitarity based methods [BY, Bf] are not yet generalised to the case
of massive loop integrals. Our definition can easily be adapted to modified definitions of
cut-constructibility for massive one-loop amplitudes by redefining rules (R.11)-(R.15), once
such a formalism is developed.

For practical purposes, it is more convenient to produce purely rational expressions for
tensor integrals directly once and for all, instead of reducing to scalar integrals first and
then apply the operators P and R, because this avoids an explosion of terms at intermediate
stages of the calculation. Therefore, we give a list of the pole- and rational parts of the
form factors for tensor integrals for NV = 2,3 and 4, which were needed in the applications
below. As will be explained below, their knowledge is sufficient for the determination of
the rational parts of any N-point amplitude, including amplitudes with massive internal

particles.

2.2 Rational parts of 2-point form factors

Higher dimensional 2-point functions can be reduced to (4 — 2¢)-dimensional ones by ap-
plying scalar integral reduction formulae [BY, B, {7, 12, BJ.

1
2s(n—1)
2

+(=s —mi +m3)I] (m7) + A(s,mi,m3) I} (s,mi, m3)| ,

2

I3+ (s, m3, m3) = (=5 +m? = m3) 17 (m3) +

MNz,y,2) = 22+ 92 + 22 — 2(xy + yz + x2) . (2.19)



Applying U to this formula and using rules (R.13),(R.1§) yields, for the special case m? =

2,2
my = m*,

UT2(s,m?,m?)] = 5 (% + %) —m? (% + 1) . (2.20)

The rational parts of the 2-point form factors can be read off directly from the formulae in
appendix A of [[]. The form factors are defined by

Ig’“(s,m%,mQ) = pk AL

Ig’“1“2(s,m%,m2) _ gm K2 B2:2 oM k2 A2:2

For equal internal masses one obtains

1
2,1 2 oy _ _ +
U[AZ (s,m*,; m7)] 5
2205 2 2y — — 5 (L2} m (L
U[B**(s,m*,m*)] = 13 <e+3>+ 5 <6—|—1
1 /1 1
AP (s,m?*m?)] = = [ -+ =) . 2.21
w2 s, )] = 3 (4) (221)

Formulas for different internal masses are obtained analogously, but are not listed here as
they are rather lengthy and because they are not needed in the following.

2.3 Rational parts of 3-point form factors

Again, the rational parts can be obtained by applying i« = R + P as defined above to the
reduction formulae in section 5.1 of [[[I]. In order to give compact formulae for the rational
part of the three point form factors, we will introduce the following matrix:

by, b
bl g1 1,0 e {1,2,3), (2.22)

Hll l2 = B ll 12

where b; = 22:1 Sﬁcl and B = 22:1 bi.. Note that internal propagator masses are present
through the matrix S defined in eq. (R.4). Applying momentum conservation rg = p; +
p2 + p3 = 0 and defining Gj, = 2 r; - r, for [,k € {1,2}, it is easy to see that the third
minor of H is just G~

Gilz—; < 283 82—81—S3> (223)

A(s1,82,83) \ s2 —s1 — 83 251

with s; = p; - p; and A(s1, s2, 53) as defined in eq. () Then one can define the quantity

1 1 1 b
Vi =——|H 5Hp ., —= 1342« 3. 2.24
l1la13 18 [ I 12 (1 + (512 s + 1 T 6l1 l3> + 1112 B +1—=34+2« ] ( )

Here the ratios b;/B, where

by —s3(s14 s2—s3) +m3(s1 — s2 — s3) +2s3m] —m3 (s1 — 52+ s3)

B A(s1, 52, 53) ’



and by/B,bs/B are obtained by cyclic permutations of indices, are well defined in the
limit of massless internal propagators and light-like on-shell kinematics, as they behave
like 1/A(s1,s2,53), which is well defined as long as at least one s; is non-zero. Thus H
and V' are both well defined for all relevant kinematical cases, i.e. m? — 0 and/or s; — 0.
Note however that these limits are not always equal to the finite parts of the corresponding
integrals in the case where one or two of the s; are vanishing, as on-shell limits and e-
expansion do not commute in general. This issue will be treated in detail in appendix [A].

The tensor form factors are defined by

2
n, 1 — — 3,1 K1
I (ry,ma, 73 = 0,my,ma,ma) = » ATl
n=1
T, 1 H2 _ 3,2 muz pHL B2
I (r1,72,73 = 0,m1,m2,m3) = B* + APl

J1,J2=1

7, 11 42 43 3,3 3
L FHRES (py rg g = 0,0, Mg, m3) = E By (9“1“27“;‘1 + 2 perms.) +

Jji1=1
pHLpH2 1
+ Z J1J2J3 Jl 7"]2 7an ) (2'25)
.]17.727.]3 1

where we used momentum conservation to have r3 = 0. Using the equations in section 5.1
of ref. [@], one gets the following pole- and rational parts of the form factors:

UAH =0
1
UB*?* = 1 < ) (2.26)
3,2 1
U[Alllg] = _§Hlll2

33 1 /1 2 ¥
B = 5 (5

U[Ai?l)g 13] = _V}l l2 l3 : (227)

The rational part of the rank one tensor integral is identically zero. In the massless case
these formulae are identical to the ones derived for massless internal particles in [BJ].
The rational parts of the (n 4 2)-dimensional three-point functions are implicitly de-

fined, e.g. for the case of all masses equal one finds

UTFT (51, 52,83, m*, m*,m?)] = U[-2 B>?] = —% (— + 1> . (2.28)

€

2.4 Rational parts of 4-point form factors

From the preceding subsection and the way the form factors have been computed in ref. [,
it is clear that only the rank 3 and rank 4 form factors can have a non-zero rational part.



The form factors are defined by [[[J]

N, 1 2 143 = =
LIPS (ry rg 3,1y = 0,m, ma, m3, my) =

ZB43 1142 us + 2 perms.) Z AYS k2 s (2.29)

jigegs "1 Tg2 Vs
Jj1=1 J1,J2,J3=1

T, L1 2 U3 4 _ _ 44 y
I4 (Tl T2,7T3,T4 = Oa my,ma,ms, m4) - C (gﬂlﬂ2gﬂ3ﬂ4 + 2 perm&‘)

3
4.4 1 2 3, 1A 4,4 n1, 2, 13, M4
+ E B]M2 g e+ 5 perms.) + E A]m]w4 T T T T (2.30)
Ji,g2=1 J1,J2,J3,Ja=1

For rank 3, we get

UlB» =0
43 1 1T
U[Al1l2 13] - 6 Z [Hllj Hl{zjl}; 0jiz 0jis +1=2+1<3 (2.31)
jes
and for rank 4:
1 5
4,4 - 2
Uuc™] 246 + 0 (2.32)
4.4
UB,l = Zb H1112 6i1y 05l (2.33)
123
jES
U[A?{?nglﬂ = A, oy ls, 1) + F24(0, 1332, 1) + F44 (0 L s, 1)
o, I35 11, 1s) + F2 (o, Las U, 1) + 4405, L 1, 1)
g " (s lo, 13, 1) + g™ (los 1, 1s, L)
g U5 1o, 1y, 1a) + g (s Do, 13, 1) (2.34)

f4,4(l1’l2;l3’l4) - 123 Z 6]l3 ]14 |:Hl1l2b + 3 bl1 jla + = b12 Hllj ngjl};
jES

1 .
g (sl I3, la) = =7 D Hiy v,
jeSs

. 1if j #£1
Su=1-106;=
gt it {Oﬁj:l

In these formulae S is the index set labelling the internal propagators of the four-point
function. HU} and V17! are related to the 3-point kinematics obtained when omitting
propagator j from this set [I]. For completeness we also list

UL =0, UIFPI=0, UL =+ 5 (2.35)

2.5 Rational parts of 5-point form factors

With the results given above and the explicit representations of the 5-point form factors
given in [[[J], it is manifest that up to rank 3, all 5-point functions have vanishing rational

,10,



terms:
UID) =UTM] = UL = U T 28] = 0. (2.36)

The rational terms of the form factors for the rank 4 and rank 5 tensor integrals can
directly be obtained from the explicit formulae given in section 6 of [[J], which manifestly
show that no integrals apart from the ones given in the previous subsections appear in
the reduction. For N > 6, the reduction is purely algebraic anyway, i.e. involves only
kinematic matrices until five-point functions are reached. Therefore, the formulae given in
the previous subsections are sufficient to calculate the rational parts of arbitrary N-point
amplitudes.

As was shown in [[[d], N-point functions up to rank N-2 are algebraically reducible
to rank 3 five-point functions, therefore all the corresponding rational terms are zero.
We have thus re-derived, within our formalism, a well known result of [R§]: all N-point
amplitudes which contain, in a convenient gauge, at most rank N—2 tensor integrals are
cut-constructible.

3. Applications

In the following, five examples will be presented to illustrate our approach. The first is
Higgs production by gluon fusion, the second scattering of light-by-light. Then we consider
the 4-gluon amplitude which is IR and UV divergent. Finally we discuss a pentagon and
a hexagon amplitude, gggyy — 0 and yyyyyy — O.

3.1 Example 1: Higgs production by gluon fusion

Higgs production by gluon fusion is mediated by massive quark loops. In the Standard
Model, the top quark provides the leading contribution. Up to a trivial colour structure
~ 04y the amplitude is given by

_ m g d"k_tr(g1(dit me) (dot me)da(K + 1))
M= —— n/2 /2 2 _ 0 2V(2 — 02 (b2 _ 42 (3.1)
v (4m) T (g —mi)(g5 — mi)(k* —mf)
Here ¢; = k + r; with 1 = —py and 7o = py, where p; are the light-like momenta of

the gluons with polarisation vectors ;. Apart from m? the only non-vanishing Lorentz
invariant variable is 2p; - ps = s = qu Working out the trace leads to

M ~ IQ(T17T2,07W%7W%7W%) (_81 -9+ 251 "p2e2-p1+ Qm? €1 52)
+IgW(T1,T2, O,m%’m%’m%) (861 p€2v — 2e1- &2 gw/) (32)

The scalar integral I3 does not contribute to the rational part of the amplitude, while the
rank 2 tensor integral does. The pole and rational parts of the form factors for I " defined
above turn out to be

1+e
32) _
UB? = —
1
UALY] = —UTAY] = UAZ] = ——. (33)

— 11 —



The decomposition of the Feynman diagram in terms of partly UV divergent tensor integrals
made it necessary to work in dimensional regularisation, although the amplitude is finite.
The rational parts of the amplitude are a result of products of UV 1/e poles and order e
remnants from the n-dimensional gamma algebra. Note that the rational part of the tensor
functions is only a small part of the whole tensor integral. Applying the rules of section 2,
the rational part is found to be

as m? tr(F1F)
T v s ’

RIM| = (3.4)

Here F ]“ Y= p;‘ aj’f — p;f 69‘ is the abelian part of the gluon field strength tensor.

3.2 Example 2: scattering of light-by-light

In QED, scattering of light-by-light is mediated by a closed electron loop. It is well known
that the six box topologies making up the amplitude are related, such that it is sufficient
to evaluate only one diagram with a given ordering of the external photons. The others
can be obtained by all non-cyclic permutations of the photon momentum and polarisation

vectors.

et

M = W Z g(0'1,0'2,0'3,0'4) (35)
0€S4/Zy
In addition, due to charge invariance, one has G(1,2,3,4) = G(1,4,3,2), G(1,3,4,2) =
G(1,2,4,3) and G(1,4,2,3) = G(1,3,2,4). We evaluate now the rational polynomial of M
using the polynomial tensor coefficients. The evaluation of the diagram

G(1,2,3,4) = — / A"k tr(1(dit me)da(dot me)ds(dst me)da(k + me)) (3.6)

in™? (g —m2) (g3 —m2) (g5 —m2)(k? —m?)

involves four-point tensor integrals up to rank four. These are in general complicated

functions, but the rational polynomials are actually very simple. Note that we are only
interested in the massless case m. — 0. We only keep the electron mass as an infrared
cutoff for the moment. Otherwise the massless on-shell 2-point functions, which are zero in
dimensional regularisation, would spoil a clear separation of IR and UV problems. We give
now the complete list of the polynomial part of the four-point tensor coefficients. For rank
zero, one and two, no rational terms are present. The rank 3 and rank 4 tensor coefficients
are defined in eq. (R.29) above. The rational polynomials of the tensor coefficients depend
on the external kinematics. In our case, where p; - p; = 0 for j = 1,2,3,4, we find in the
limit m, — 0

UBY’] = U[By®] =U[By°] =0

4,3 4,3 u—t

U[Alll] = U[A333] = sty
1

4,3 43
U[Allz] = U[Azg.g] = Yeu
ULATS) = UATR) = UAT) = ULAL) = “UA] = 5

Qi3 u=—s |

Ul Az 2stu’ (3.7)
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the remaining ones are defined by symmetry under exchange of the lower indices. The non

cut-constructible parts of the rank four form factors are

11
UICH) = g5+ 25
UIBL = uIBl) = u[BY) = UlBY) = Bl = -ulBY) = 1
UAL] = UlAS] = = — 4 o
UL = Ul = 5= - 5
UlATig) = UlAsss] = _2; B Ziu 222
UL ) = UL = —5 = + 703
UlA ] = UA) = o+ o 7

1 1 1

U[Aéllﬁ)’g] " 3st 3su + 2 u?
UlArinn] = UlAzine] = _2; - Qiu - 222
UL = —— + —— + 12 : (3.8)

6st O6su 2u

the remaining ones are defined by symmetry. Evaluation of the rational part of eq. (B.6) is
now straightforward. Using these form factors we find for the rational part of the sum of

all graphs the manifestly gauge invariant result

Rl > Glo1,00,03,04)] =

0€ES4/Zy
8 tr(flfg) tr(f3f4) 8 tr(}—1.7:3) tr(fg]i;) 8 tr(f1f4) tr(}—gfg)
3 s s 3 u u 3 t t
L6 tr(F1F2) pa-Fs-p1 ps-Fa-p1 64te(FaF3)p1-Fo-ps ps-Fa ;i
3 s stu 3 U stu
64 tr(F1Fs) pr-Fo-p3 pa-Fz-p1 64tr(FoFs)pa - Fi-p3 p3-Fa-pi
- _l’_ -
3 t stu 3 t stu
64 tr(FoFu)p2 - Fiops pa- Tz ;i n 64 tr(F3Fs) p2 - F1-p3 pr-F2 b3
3 U stu 3 s stu
11024 22 “F1-p3 pr-Fo-p3ps-F3-p1 p3-Fa-p1 7 (3.9)
stu stu

where F j” V= pé»‘ e —pj 55 is the electromagnetic field strength tensor. On the amplitude
level the UV pole cancels and thus R = U. The result simplifies further if one specialises to
helicity amplitudes using spinor helicity methods [5J]. Due to parity invariance and Bose

symmetry only the helicities + 4+ ++, + + +— and + + —— have to be considered.

,13,



The rational polynomials of the three helicity amplitudes are then given by

12][34
RIMHH++] = 8atef efef -ef =80’ <[ >]£34]>
RIMIHH-] =8a%ef -ef ef “piey -p1 22 = —8a? %
RIMTT="] = —8a%ef -efe; e = —8a” Ell%%iﬁ '

We note that up to a phase the rational parts of the different amplitudes are the same. For
the first two helicity configurations, the rational terms are the full result. For completeness
we also quote the full result of the + + —— case [54, B3

M= = _84a? (1 + t_Tu log (%) + %ut; v [10g? (%) + WQD Eﬁ?;éi? . (3.10)

3.3 Example 3: gluon-gluon scattering

To apply our formalism to an IR divergent amplitude we have chosen the 4-gluon amplitude
as an example. In the following we consider the helicity amplitudes + 4+ ++ and + + ——.
Using spinor helicity methods one can replace the polarisation vectors by polynomial terms
in the external momenta times a global phase [tr=(...) = tr(...)/2 £ tr(vy5...)/2]:

+ p1 _+ p2 A+ ops A+ pa [21] [43] 1 - —
gy ey Meg ey M = @@Z—SQW (B ™) tr (Hy™ Kn™)
s 21] (34) 1 _
e ey moeg i = BLGY oy ymy b (g gy . 3.11)
(12) [43] 2s
As we are using the ’t Hooft-Veltman scheme for the computation, these expressions im-
plicitly project onto the 4-dimensional part of n-dimensional objects in loop diagrams. At

tree level one finds

A = AfEH =0
- 1 [21)(34) .,
e om o ++
AL bm o i 2y a3
At = +7—123.4 I s >+ T2 5 s : (3.12)

tu
with the colour objects defined through a trace of colour matrices in the adjoint represen-
tation T, = ifeab

71234 tr(TT2TST) . (3.13)

We have computed the next-to-leading order contributions in two ways to outline the
extraction of the rational terms for the IR divergent and IR regulated case. As the ++++
case is IR and UV finite, both evaluations give the same result for this helicity configuration:

[21]]43]
AE{S—’_:—ZL 2( 12)(34 >'A1—11_E(—)i_+
AK]‘E’S"" — (/]'1234 /]'1324 12'1342) ) (314)
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The amplitude is defined by rational parts only. In the + 4+ —— case we again extract an
overall factor:

__ [21](34> Ay
Adfo™ = —4 a?m#‘lﬂo
N S24+t24u
Aﬁro — +% 7—1324 ( t) 7—1234 ( ) 71243 14(S,u)

( T4 4 71243> (s)

< T84 4 ’2'1324> () — < 71248 4 71324> 17 (u)
+< 131: T34 4 (%4_ t—s )7-1324> ()
+ <_$7;1(1243+ ($+us )71324> 12 (u)

/]-1234 7-1243 2 1 /]-1324 ) 1
<9t <9t * > (3.15)

In our definition we call the last line the rational part of the amplitude. Note that other
polynomial contributions emerge after expanding the scalar integrals in e. We have checked
that our result is — up to trivial factors stemming from different conventions — identical
to the amplitude representations provided in [54, 5g.

If we compute the same amplitude using off-shell values for the external momenta, i.e.
k¥ = k3 = k3 = kI = m?, some scalar functions change to their off-shell counterparts,
e.g. I3(s) — I}(s,m? m?), If“(u,t) — IZ+2(u,t,m2,m2,m2,m2), which are all IR finite
now. The coefficients of the IR regulated basis integrals and the constant part are up to
terms of order O(m?) identical to the coefficients of the original basis integrals. The only
difference stems from the no-scale 2-point functions which are replaced by their off-shell
counterpart, I2(0) — I#(m?). This leads to an additional term which is proportional to
the leading order amplitude:

<% + %e + O(m2)> n(m2) Afd . (3.16)

This additional term vanishes in the on-shell limit, as I2'(0) = 0 in dimensional regularisa-
tion. When taking the on-shell limit it has to be put to zero before expanding in €, i.e. before
the pole/rational part is extracted, otherwise the limit does not exist. This result defines
the IR regulated version of the 4-gluon amplitude. The IR-limit limgr ('R regulated) = T’
is smooth as long as scalar integrals are not expanded in e. For 2-point functions with
limg 13 = 0 the rational/pole parts must not be isolated from the result before the limit
is taken. In practical calculations it is very easy to take care of these terms separately. This
reasoning shows that the rational part of an amplitude as defined above is not affected by
IR divergences.
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3.4 The yvggg — 0 amplitude

Following @] the hehClty amplitudes can be written as
A1 A2 A3\ @293 A1 A2A3 04
S
MAA2ASAAs iq2 fc3c4c5./412345. (3_17)

Due to Furry’s theorem only one colour structure ~ f©¢% exists. The diagrammatic
structure implies that this amplitude is not cut constructible, as rank four and five 5-point
functions and rank three and four 4-point functions are present. Six independent helicity
amplitudes exist. For three of them the cut-constructible part is identically zero, they are
given by the rational part only:

:A+++++:_tr(fff;)tr(f;fjf;)‘

R[ATHT 3.18
| ] 2 834845835 (3.18)
Here 77" = ple” — p}/e}{ is the abelian part of the gluon field strength tensor.
_ tr(Fof Fi e (FFF) r o, _
A — 278 S s ) ottty Py opy— (4 o 5)] (3.19)
523545
with the coefficient
o—t++++ _ 515512 815 | 523 515 (3.20)
524535 535 524 534
Further
_ t(FEDe(FSFD _ _
AT = A CHH = p  Foops— (3 4)] (3.21)
512534
with the coefficient
Ot +H— — 545513514 513845 4 84215 _ 8%2 + 84215 — 512545 4 513515 4 513 — 834
535515524  S15835  S15524 535515 523545 523
5348 S15 — S S23 + S 5938 834 + S
_ 534845 | 515 7 S5 S23 4 S35 523835 | Ss4 F Si2 (3.22)
523515 S45 513 513545 S15

The results for the helicity amplitudes A=~ ATT+=~ and A~t**~ contain also con-
tributions from the cuts. The full result for these amplitudes can be found in [d]. We have
verified that we get the same result for the rational terms, called Al__+++, Af++__ and
.A1_+++_ there, using our algebraic implementation of the rational polynomials defined by

our formalism.

3.5 The 6-photon amplitude

Due to Bose symmetry and parity invariance, only four independent helicity amplitudes
have to be evaluated, out of which two, the “all plus” and the “one minus” amplitudes
identically vanish [F9]. We evaluated the 6-photon amplitudes along the lines of the 4-
photon case, with the difference that after taking the trace, all reducible scalar products
in the numerator were cancelled directly. We have verified that the rational parts of
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M and M= evaluate to zero using our formalism. For the non-vanishing

amplitudes, we find

RIMTTTT"71 =0 (3.23)
RMTTT"7] =0, (3.24)

where eq. (B.23) is already known from the analytic result [B(]. The results have been
obtained by two independent calculations, one based on the approach outlined in section
2, the other one based on IR divergent form factors (see appendix []). We observe that for
the evaluation of the rational parts, form factors for at most rank 4 four-point functions
were needed. Kinematically they are of the same complexity as the ones used for the recent
evaluation of the rational parts of the six gluon amplitude [B4)].

4. Conclusions

We have presented a formalism to evaluate the rational polynomials of arbitrary one-loop
N-point amplitudes. It is based on a tensor form factor representation derived in [[J]. The
definition of rational parts of these form factors induces a definition of the rational part of
the amplitude.

To disentangle contributions form UV and IR poles, we define first the rational poly-
nomials with respect to IR-regulated amplitudes. We obtain compact expressions for the
rational and pole terms of the tensor form factors which allow for an on-shell limit after-
wards. In this way it is clear that the polynomial part of an amplitude origins only from
the UV behaviour of the amplitude. This procedure defines rational polynomials of general
one-loop amplitudes corresponding to the definition advocated in the literature [2d, BJ]. In
addition, we give all the formulae to work with form factors which contain IR divergences
in the appendix. For IR finite amplitudes both approaches obviously lead to the same
result.

Both approaches were implemented in algebraic manipulation programs to allow for
the fully automated evaluation of the rational parts of one-loop amplitudes starting from
Feynman diagrams. The formalism has been applied to the evaluation of the amplitudes
for g9 — H, vy — vy, 99 — g9, vy — ggg and v — ~yy~y~. For the first four examples we
recover the well-known results. For the six-photon amplitude we have proven by explicit
analytical computation that the rational terms of all Feynman diagrams add up to zero for
all helicity configurations.

Our implementation of this formalism is designed for arbitrary processes with up to six
external legs, including massive particles, and makes it possible to obtain rational terms for
phenomenologically relevant partonic amplitudes in an automated way. Note that numer-
ical instabilities are typically mild in terms which are free of logarithms and dilogarithms.
The method is thus a complement to the unitarity based techniques, which lead in general
to compact representations for coefficients of non-polynomial terms. Combining both meth-
ods thus might be a very fruitful starting point for a highly effective method to evaluate
complex multi-leg one-loop amplitudes.
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U] vV | W
13(0,0, X) Uy 0 0
3(1;0,0,%) ~ Uiz 0 | o
13(2;0,0, X) UITE] + 2 U(IE 0 0
13(3;0,0, X) —Lury 0 0
13(1,1;0,0, X) — e U1 0 0
13(2,2;0,0, X) U+ 32U ++ | L 0
13(3,3;0,0, X) o U3 0 0
13(1,2;0,0,X) e UIE] — 5 —k 0
13(1,3;0,0, X) S L 0
13(2,3;0,0, X) S U] — S Lo
13(1,1,1;0,0, X) — AU - ¢ (-
13(2,2,2;0,0,X) | U]+ 35 UIN + 9% | * L
1(3,3,3;0,0,X) |~ U} - 1 0 | —o¢
I7(1,1,2;0,0,X) e U] — 5% |
I3(1,2,2;0,0,X) — UIY] - &% e |~
13(1,1,3;0,0, X) L L 0
17(2,2,3;0,0,X) ?%XZ/I[IQ] _ QLX _% L
13(1,3,3;0,0, X) L L 0
13(2,3,3;0,0, X) Lury) - & Ll
13(1,2,3;0,0, X) & L 0

Table 1: Rational and pole parts of three-point functions with two light-like legs and up to three
Feynman parameters in the numerator. U is the operator extracting the pole and rational parts of
the integral. The 1/¢ and 1/€* poles have been absorbed in the terms proportional to U[I}] and
U[IT], respectively. V denotes the value obtained from the corresponding expression for the off-shell
integral, in the limit where two legs go on-shell. W is the difference U[I] — V', where the pole terms
have been set to zero.
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A. Rational parts of IR divergent integrals

As an alternative to the approach outlined above, where IR regulated amplitudes were
considered, one can also define form factors for the rational parts in the presence of infrared
poles. In section 2, we first apply the operator which extracts the rational parts and then
take the on-shell limits of the form factors F:

lg{n (P+R) [F(IR—regula‘ced)} . (A.1)

Another possibility is to apply the operators P and R directly to the potentially IR-
divergent form factors, i.e. do the operation

(P+R) [F(IR—divergent)} . (A.2)

In an infrared finite amplitude, of course all finite terms coming from the expansion of
e-dependent terms combined with 1 /e poles finally have to cancel, such that the remaining
finite polynomial parts are identical to the ones obtained by procedure ([A.]), after summing
over all contributions. In an infrared divergent amplitude, the finite remainders are related
to the choice of the factorisation scheme.

In order to be able to define the polynomial part of divergent amplitudes, it is necessary
to single out the contributions which come from the expansion of the poles. The results
of operation ([A.9) for the divergent three-point functions with Feynman parameters in the
numerator, shown in Tables [l to f| below, are given in a form which allows to isolate these
contributions immediately.

The definition of the rational parts of expressions containing 1/€2 and 1/e poles is of
course linked to the overall e-dependent factors which have been extracted. We single out
the pole contributions in terms of U[I§ (0,0, X)] and U[I}], i.e. all double poles have been
absorbed into the scalar three-point function with two light-like legs, depending only on
the invariant X, and all single poles have been absorbed into I3, where

I = [(X) = L(=X) " (A.3)

= 10,0, X) — 6—5(1;(726) (—X)¢ (A.4)
. T(1+eI%(1—e r

T= "2 -2¢ 1 % (A.5)

Extracting an overall factor 7r instead of rp from all integrals, we have R[I%] = 0, which is

more convenient for our purposes than extracting an overall factor 71, which would imply

R[IP] = 2.
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Ul % 1%
13(0,X,Y) 0 0 ;
310, X,Y) <=y Ull3] 0 0
I3(2:0, X.Y) y=x Ull3] 0 0
I3(3;0,X,Y) 0 0 0
I13(1,1;0, X,Y) %u[[ﬂ_’_ﬁ ﬁ 0
13(2,2;0,X,Y) %u[[ﬂ_’_ﬁ (X—LY)? 0
13(3,3;0, X.Y) 0 0 0
I¥(1,2;0,X,Y) _2(§J—r¥)2 UI3]+1) —2(§f§)2 0
13(1,3;0,X,Y) _ﬁ _ﬁ 0
13(2,3;0,X,Y) _ﬁ _2(%_)() 0
I3(1,1,1;0, X,Y) %“[W]erﬁ(}?fﬁw )3((()6({;/});) o
17(2,2,2;0,X,Y) WU[IS]+371€Z()§§§;X2 g((gsi}))(g) ﬁ
1%(3,3,3;0,X,Y) 0 0 0
B0 1,230,00) | SRR U]+ =R | SR | oty
B0,2,2:0,,Y) | SRR U] + SRS | S|
17(1,1,3;0, X,Y) e e 0
13(2,2,3;0,X,Y) X e 0
1%(1,3,3;0, X,Y) — 5T T 0
1%(2,3,3;0,X,Y) — s S 0
I3(1,2,3;0,X,Y) % Gﬁiﬁiz 0

Table 2: Rational and pole parts of three-point functions with one light-like leg and up to three
Feynman parameters in the numerator. ¢/ is the operator extracting the pole and rational parts
of the integral. V denotes the value obtained from the corresponding expression for the off-shell
integral, in the limit where one leg goes on-shell. W is the difference U[I] —V where the pole terms,

absorbed into U[I3], have been set to zero.

For three-point functions with one non-zero invariant X, we labelled the internal prop-

agators in such a way that S13 = X and S12 = So3 = 0, where S is defined in eq. (@) For

three-point functions with two non-zero invariants X and Y, we set So3 = X and S13 =Y.
Thus the integrals I3(i, 7, ..
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U1 V W

I5%%(0,0,X) —5UlIE] — 3 —Ullg] -3 | 0
I372(1;0,0, X) —u[Iy]) -4 —iU[Ip] - % 0
I32(2;0,0, X) —u[y) - & —u[y) - & 0
13%%(3;0,0, X) —Luiy) -4 —luim -1 0
530, X,Y) —3Ully] - 3 —5u(3] - 3 0

F0,X,Y) | —hUlly]) + 35555 | —huln)+ 2543 | o

22,0, X,Y) | —2uU[Ip] + $2222X | Ly + 22282 | o

18(Y —X) 18(X-Y)
I372(3;0,X,Y) | —UlI5] - § —sUll3] -5 0

Table 3: Rational and pole parts of (n + 2)-dimensional three-point functions with one or two
light-like legs and up to one Feynman parameter in the numerator. U is the operator extracting
the pole and rational parts of the integral. Note that the poles in Ig” are of ultraviolet nature,
but we do not distinguish the nature of the poles denoted by P[I}]. V denotes the value obtained
from the corresponding expression for the off-shell integral, in the limit where one or two legs go
on-shell. W is the difference U[I] — V, where the pole terms, absorbed into U[I}], are set to zero.

I¥(i,j,...;0,X,Y) are symmetric under simultaneous exchange of 1 <> 2 and X < Y.
In the tables, the results for the divergent three-point functions with Feynman param-
eters in the numerator are split up in the following way:

ULy ({5i})) = dsU[I3(0,0, X)] + do U]+ V({5i}) + W({a}) , (A.6)

where d3 is equal to one if the integral has a double pole, and zero otherwise. The func-
tions V({j;}) and W ({j;}) denote the remaining finite part, where V({j;}) is the part
which is equal to the limit of the corresponding expression for the off-shell integral (given
in eqs. (2:26),(2:27)) when one or two invariants go to zero, and W ({j;}) is the finite re-
mainder, i.e. the difference to the on-shell limit of the corresponding off-shell integral, after
having singled out the pole contributions. To give an example, we have

11 19
U[I3(2,2,2;0,0,s1)] = U[15(0,0,s1)] + — U[I5] + —
381 981
2
lim U[I5(2,2,2;5s3,52,51)] = — lim U[A;”;’Q] =—=V(2,2,2;51)
s2,53—0 s2,53—0 S1

19 1
= W(2,2,2;81) = 95 V(2,2,2;81) = 95 (A7)

The fact that W is not always zero of course does not mean that the results obtained
by procedures ([A.1]) and (A.) have to be different. The coefficients of the corresponding
integrals as well as the number of non-zero two-point functions are different in the two
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approaches, such that after summation over all contributions making up a finite amplitude,

the results will be the same. This has been checked explicitly by calculating the 4-photon

and the 6-photon amplitudes in both ways.
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